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Statistics and Probability



Conditional Probability

P(A|B)P(B) = P(A, B)



P(A|B)

Bayes' Theorem

_ P(BJA)P(A)

P(B)



Marginalization

— [ P(A
b

P(A) B)
P(A) =) P(A,B)
B



Graphical Models

joint p(x, y) or conditional p(y | x) probability distribution

represented as G=(V,E)

Enables us to encode relationships between a set of random variables

There are two types of graphical models : Directed Graphical Model and Undirected Graphical Model
Directed edges gives a causality relationships

Undirected edges give correlations between variable



Direct Graphical Mode|

e Assume adirected, acyclic graphical model G=(V,E)and E CVxV

p(Y =y) =] [P | Ypag») @ @
1A% @

where ypaG(i) is conditional probability distribution on the
parents of node i



Undirected Graphical Model

An undirected graphical model 6=(v,E) is called Markov Random Field (MRF)if two
nodes are conditionally independent whenever they are not connected.

p(Y; | Yiy) = p(Yi | Ya)

Y, (%
where N(i)is the neighbor of node i

Y IL YWaw) | Yag)
where cl(i)=N(i) U {i} is the closed neighborhood of i. Yy Y,



Convolutions

Some figures adapted from Simon Lucey’s 16-720b slides and
Introduction to Deep Learning 11-785



What is a(Discrete) Convolution?

Concatenation of inner products
of filter and receptive fields of
signal.

Unlike an arbitrary affine
transform, convolutions preserve
locality.

(z * k)i E :xz+pj+q r—p,r—q

These would be + in
cross-correlation




Why do Convolutions Work?

Natural signals are locally smooth!

In natural images, neighboring pixels
tend to be highly correlated.

Convolutions exploit this local
correlation to generalize better than
fully connected networks.

Convolutional layers DO NOT learn
random noise better than fully
connected layers!

X[m,n]

X([m,n|

X[m+1,n+1]

X[m,n]

. *
DX S
.

X[m + 16,n + 16]

X[m + 50,n + 50]

Simoncelli & Olshausen 2001



Computer Vision B.C. (Before Conv-Nets)

Filters were
hand-designed to
extract features for
the intended task!

Canny
Algorithm




Computer Vision A.D. (After Deep Learning)

Low-Level| |Mid-Level| |High-Level] | Trainable
Feature Feature Feature Classifier

r i

Now, optimal filters
are learned through
back-propagation!

Feature visualization of convolutional net trained on ImageNet from [Zeiler & Fergus 2013]



How do we do convolutions?



What is an image?

Athousanrd-words— A Matrix I of dimensions (M,N)withI[i][j] = intensity(pixel(i,]j))
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Components of a CNN

1.1 1.2 1,3 1,4
Z1,1 Z1,2 Z1 3
A2,’I A2,2 A2,3 A2,4 W'I,’I W1,2
B1 ol Z2,1 Z2,2 22,3
A3,1 A3,2 A3,3 A3,4 W2,’I W2,2

3,1 3,2 3,3

4,1 4,2 4,3 4,4

Output -z

Input -A Kernel -w Bias-B Z=(A®W +B



Convolution steps

Essentially element-wise (Hadamard) multiplications and summations
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(A1,2*W1,2)
(A, "W, )
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vy,
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Convolution steps

Essentially element-wise (Hadamard) multiplications and summations

1,1

Asi Ag | As | As
Ay A | Pos | Ao
As Ase | Pss | Asa
Ay Ay | Pug | Paa

2,1

Uy

1.1 12 1,3
Z2,1 Z2,2 22,3
Z3,1 23,2 Z3,3




Output Size

Arq Arz Ars Ars
Az Az Az Aza
As Asz Ass As4
As Ay Ass Asa

Z1,1 Z1,2 Z1 3
Z2,1 Z2,2 Z2,3
Z3,1 23,2 Z3,3




Output Size

Arq Arz Ars Ars
Az Az Az Aza
As Asz Ass As4
As Ay Ass Asa

Z1,1 Z1,2 Z1 3
Z2,1 Z2,2 Z2,3
Z3,1 Z3,2 Z3,3

Output Width =

[ (Win

1

- W _+ 2P) // (S)] +

Output Height =

[ (Hin

1

- H _+ 2P) // (S)] +



Output Size

Arq Arz Ars Ars
Az Az Az Aza
As Asz Ass As4
As Ay Ass Asa

Z1,1 Z1,2 Z1 3
Z2,1 Z2,2 Z2,3
Z3,1 Z3,2 Z3,3

Output Width =

[ (Win

1

- W _+ 2P) // (8)] +



Output Size

A | Az | As | A
Zi1 | Lz | Zis Output Width =
Ay Ay | Ags | Agy [(\'/\'[in - Wk + 2P) // (S)] +
— 2, Zys Zy5 1
Asr | Asz | Ass | Agy
A A A A %1 | %2 | %o P: Padding (here - 0)
S R IR M S: Stride (here - 1)




Padding

e Attachingzeros(usually)around inputs.

e Images can be padded to the left, right, top, and bottom.



Padding




Padding

\
A AT AT A
Az Az Ao Aza
A Asz As Ass
Ay A, A Ay,
A, A, A, A,
Ao Ay A
A Az Asa Asa
A,y A, A, A

W1 A W1.2

Wu WZ.Z
W1 1 W1 2
WZI WZ‘Z

21,1
21 1 Z|,2 Zi.:
21 Z Zy
Zs Zo Za




Padding

\ N

A AT AT A
Az Az Ao Aza
A Az As Ass
Ay A, A Ay,
A, A, A, A,
Ao A A Az
A Az Asa Ay

A,y A, A, A

W1 A W1.2

Wu WZ.Z
W1 1 W1 2
WZI WZ‘Z

21 1 Z|,2 Zi.:
21 Z Zy
Zs Zo Za

Never Meet...



Padding

Increase output size
Preserve input size
More Kernel Interactions!



Padding

1,1

Asi Az | As | Aa
Ay A | Pos | Ao
As Ase | Pss | Asa
Ay Ay | Pus | Aua

2,1

1.1

Z1 Bl Z1 2 Z1 3
Z2,1 Z2,2 22,3
Z3,1 Z3,2 Z3,3




Padding

Z1,1 Z1,2 Z1,3 Z1,4
Z2,1 22,2 Z2,3 Z2,4
Zy Zs, Zys Zyy
Z, Zsz Zys Z4a




Padding

Z1,1 Z1,2 Z1,3 Z1,4
Z2,1 22,2 Z2,3 Z2,4
Z3,1 Z3,2 Z3,3 Z3,4
Z4,1 Z4,2 Z4,3 .




Padding

Z1,1 Z1,2 Z1,3 Z1,4
Z2,1 22,2 Z2,3 Z2,4
Z3,1 Z3,2 Z3,3 Z3,4
Z4,1 Z4,2 Z4,3 .




Stride

Taking bigger steps!



Stride =1

What we did before - The kernel “moves” one pixel (or element) at a time.

1,1

Asi Ag | As | As
Ay A | Pos | Ao
As Ase | Pss | Asa
Ay Ay | Pus | Paa

2,1

Uy

Z1 Bl Z1 2 Z1 3
Z2,1 Z2,2 22,3
Z3,1 23,2 Z3,3




=2

Stride

Start at the same place
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=2

Stride

Move two elements to the right
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Stride=2

Move two elements down.

1,1

Asi Ag | As | As
Ay A | Pos | Ao
As Ase | Pss | Asa
Ay Ay | Pus | Paa

2,1

Uy




Stride=2

Move two elements to the right.

1,1

Asi Ag | As | As
Ay A | Pos | Ao
As Ase | Pss | Asa
Ay Ay | Pug | Paa

2,1

Uy




Multi-channel CNN

75




Multi-channel CNN

e FEach kernel(or filter) has as many channels as the input does
e Channel c of the kernel convolves with channel e (corresponding) of the input.

e Thenumber of output channels from the convolution = number of filters

= Input channels

in

kernel in

C
C = Kernel channels = C,
K

= Number of Kernels = C__ = Number of output channels



1 Filter with 3-channel input

W 11 Y
ZB,1,1 ZB,1,2 ZB,1,3
W 21 Y
® = z z Zg,s
ZB,3,1 ZB,3,2 ZB,3,3
BB,1
1 channel input Kernel 1 almost-output

map



1 Filter with 3-channel input

| I I
ZB,1,1 ZB,1,2 ZB,1,3 |
® = ZB,2 Z Z ,2,3 ||
ZB,3,1 ZB,3,2 ZB,3,3 | |
2 channel input Kernel 2 almost-output

maps



1 Filter with 3-channel input

3 channel input Kernel 3 almost-output
maps



1 Filter with 3-channel input

3 channel input

Kernel

Add
through

channels

e s
I
|

3 almost-output
maps

1.1 1,2 1,3

2,1 27 2,3

3,1 3,2 3,3

1 output map




2 Filters with 3-channel input

3 channel input

2 Kernels 2 output maps



2 Filters with 3-channel input

| I
[ I
Wigir | Wigro | L
T _
Big1s
Wigor | Wigas | |
e———————————————————————
e ————
| I
[ I
-
Wogi1 | Wogra | L
] B,s11
Wogor | Wogoo | |

2 Kernels - 2 output maps
4 Dimensional

3 channel input



2 Filters with 3-channel input

Z = (A®W) +B

2 channel Output

3 channel input Kernels (Z)

(A) (W, B)



Pooling

e Usually follows convolutions
e Introduces Jitter Invariance
e Reduces feature-map size

e Max, Mean, Min



Pooling

2x2 Max Pool
Stride=2

—




Pooling

2x2 Mean Pool
Stride=2

—




Convolutional Layer Implementation

- Earlier we said that a discrete convolution is a concatenation of inner products
between the filter and receptive fields. This involves a lot of matrix

multiplications!
- Parallelized matrix operations make this much faster than using a sliding filter.
- 1im2col, im2col_bware needed

THIS IS THE HARDEST PART OF THE PROGRAMMING. START EARLY!



Forward propagation

Here are the following steps

1. Transform our input image into a matrix (im2col)

2. Reshape our kernel(flatten)

3. Perform matrix multiplication between reshaped input image and kernel
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Step 1: Transform our input image into a matrix(im2col)

Conv weights: D filters, each Kx Kx C

DG e G T
= =

(K*C) x N matrix reshape to output tensor

Feature map: HxWx C

D x (K*C) matrix

Figure 2: Illustration of im2col.



Example

We will perform a convolution between an(1,3,4,4) input image and kernels of shape(2,3,2,2)

= 9 (possible sliding window position)
F3NEA L35I 6

1 2 3 5 6 7 9 10; 11

17 18 | 19 20 40

2 3 4 6 i 8 )R B O

5 6 7 SNIEI0 T TR 3 RN 14 1S

6 7 8 1011 S 12T AR 1S T 6

13 14 15 16 TSI TORIE 2 T2 20 2 3 SN2 SR 2 6 A/ T

— o s 18 |19 | 20| 22 | 23 |24 | 26 | 27 | 28

indices (i, j) 2101522 23258 26 N2 T R 290 3001 =3 3

0o | ©u | 02 03 22012302 AR 26 27 28 SRS O3 32

00 | @3 | 02 | 03 | 13 33 | 34 35 37 38 39 41 42 43

©o 1 | 02 | ©3 | @43 | 23 34 | 35 36 38 39 40 42 43 44

IR B R e 37 | 38 39 41 42 43 45 46 4T

w0 e | o | an | 89| 38 | 39 40 42 43 44 46 4T 48
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Forward propagation

Here are the following steps
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Step 2: Reshape our kernel(flatten)

Filter 1

12

im2col

\J
~N

Filter 2

Figure 2: Reshaped version of the 2 kernels

As you can see, each filter is flattened and then stacked together. Thus, for X filter, we will flatten and stack X filters together.
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Forward propagation

Here are the following steps

1. Transform our input image into a matrix (im2col)

2. Reshape our kernel(flatten)

3. Perform matrix multiplication between reshaped input image and kernel



Step 3: Matrix multiplication between reshaped input and kernel
Now, we only need to perform a matrix multiplication.

9 (possible sliding window position)

-4 >
A 1 2 3 5 6 7 g 10 11
2 3 4 6 7 8 10 11 12
5 6 7 9 10 11 13 14 15
6 7 a8 10 11 12 14 15 16
17 18 19 21 22 23 25 26 27
18 19 20 22 23 24 26 27 28
12
21 22 23 25 26 27 29 30 31
22 23 24 26 27 28 30 31 3z
33 34 35 37 38 39 41 &2 43
34 35 36 38 EL] 40 42 43 44
37 ELS 39 41 42 43 45 46 47
Y 38 39 40 42 43 44 46 &7 48
2 * |
2 11 I 1




Step 3: Matrix multiplication between reshaped input and kernel

- Atthe end, we need to reshape our matrix back to a feature map

- Be aware the np.reshape() method doesn't return the expected result here

- Elementsin the wrong order
- Alittle bit of numpy *magic* solves the problem



Pooling Layer

« We can make the average pooling operation faster by using im2col method.

- Be aware that the np.reshape() method doesn’t return the expected result here (elements
in wrong order). A little bit of numpy gymnastic solves the problem.

im2col
E—

mean
4 8 6.25 4 3.5 12 5 45 @ 5.25 6 5.25 -
7 3 5 8 7 1 4 9 3
i/ 6.25 4 3.5
3 5 2 7 1 6 g 3 9
. reshape 1
6.25 4 3.5 4
- 8 7 1 4 9 3 0 8 4
12 5 45 | 525
3 T 1 6 9 3 9 8 4 5
5.25 6 5.25 mean

6.25 4 3.5 12 5 4.5 5.25 6 5.25 <+



Backward propagation

Reminder:
» We performed a convolution between (1,3,4,4) input image and kernels of shape (2,3,2,2)
which output an (2,3,3) image.
e During the backward pass, the (2,3,3) image contains the error/gradient (“dout”) which
needs to be back-propagated to the:
o (1,3,4,4) input image (layer).
o (2,3,2,2) kernels.



* Layer gradient: Intuition

» The formula to compute the layer gradient is:

oL oL
o = Py o)
oL . é
o Input gradient.
o K: Kernels.

oL . -
° 55 - Output gradient.

o C'onv: Convolution operation.

» To do so, we will proceed as follow:

o A. Reshape dout (g—g).

o B. Reshape kernels w into single matrix w_col .
o C. Perform matrix multiplication between reshaped dout and kernel.

o D. Reshape back to image (col2im).

» We are going to see how it works intuitively and then how to implement it using Numpy.



A) Reshape dout

e During backward propagation, the output of the forward convolution contains the error that
needs to be back-propagated.

A
Y

y« _ , : dout 9



B) Reshape w _into w col

w_col




C) Perform matrix multiplication between reshaped dout and w col

e In order to perform to perform the matrix multiplication, we need to transpose w_col .
» We will denoted the output as dx_col .
dout

o]




D) Reshape back to image (col2im)

e Here, col2im is more than a simple backward operation of im2col. Indeed, we have to take
care of cases where errors will overlap with others.

3

ale m 2|6 /

b f n o || 76

clg (] 4 8

d| h P 5 || L —

ale m 2|6

b f n 30T ol2im
’ clag () 4 8

d|n p 5 9 /

ajle m 2|6

b f n 3 | 7

clg o 4 8

d|h p 5 9




o Kernel gradient: Intuition

e The formula to compute the kernel gradient is:

oL oL
W = CO'I’L'U(I, %)

oL,
S 9K

o I: Input image.

: Kernels gradient.

, OL. i
° 3o - Output gradient.

o C'onv: Convolution operation.

e To do so, we will:

> A. Reshape dout( )

> B. Apply im2col on x toget X_col.
o C. Perform matrix multiplication between reshaped dout and X_col to get dw_col.

o D. Reshape dw_col backto dw.

* We are going to see how it works intuitively and then how to implement it using Numpy.



A) Reshape dout

 Be aware that the np.reshape() method doesn’t return the expect result here (elements in
wrong order). A little bit of numpy gymnastic solves the problem.

A
Y

y« dout 9



B) Apply_im2colon X toget X col

9 (possible sliding window position)

33 34 35 36
1 2 3 s 6 7 9

17 18 | 19 20 40
2 3 4 6 7 8 10

g 21 3| & 24 | 54
5 6 7 9 10 11013

5 6 7 8 28 48
g S i Sl s 6 7 8 10 11 12 14
PO R [ [ A7 |18 | 19 | 210 220 |23 | 25
im2col 3 18 |49 | 20 | 22 | 23 | 24 | 26
indices (i, j) 21 |22 || 230 | 257 26 |L2F | 29
0o [ ou | 02 03 220 | 23 | 24 | 26| 2¢(; |28 | 30
wo | ©un | w2 | ©0n [ w3 A3 E34 3503 TN I BN 3G N4
0o 01 | 02 | 03 | A3 | @23 34 | 35 36 38 39 40 42
wo | w2 (:,3)— @3 | 63 37 |:38 39 | 41- | 420 43| 45
@0 121 | 22 | @3 | B3 38 | 39 40 42 43 44 46

a0 B B2 | e
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11

14
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26

27

30

31

42

43

46

47
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12

15
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27
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31
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43
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C) Perform matrix multiplication between reshaped dout and X col to
get dw col

« In order to perform to perform the matrix multiplication, we need to transpose X_col .

12

A X_colT 9

dout *



D) Reshape dw col backto dw

» We simply need to reshape dw_col back to its original kernel shape.

12

A

N

Y



2) Pooling layer

e We first have to reshape our filters and divide by the filter size.

i/ 625 | 4 35
6.25 4 3.5 4,75
7 5 47.5 5.25
5.25 6 5.25
3

reshape
—_—

6.25
2
6.25

9
3.5 7 5 475 | 5.25 6 5.25
3.5 7 5 | 475 | 525 | 6 | 525
l divide by filter size (2*2)
9
087 | 1.75 | 1.25 | 118 | 131 [ 15 | 1.31
5 75 25 25
087 | 1.75 | 125 | 118 | 131 | 15 | 1.31
5 75 25 25

1.56

25
2 | |

1.56

25




» We then repeat each element “filter size” time.

A
Y

1.56 1 0.87 1.75 1.25 | 118 131 15 131

25 s 75 | 25 25
156 | 1 | o087 | 175 [ 125 | 118 | 131 | 15 | 13

25 5 75 | 25 25

2 156 | 1 | 087 | 175 | 125 | 118 | 131 [ 15 | 131

= o 25 5 75 | 25 25
15 | 1 [ o087 | 175 | 125 | 148 | 131 | 15 | 131 156 | 1 | o087 | 175 | 125 | 118 | 131 | 15 | 131




e Finally, we apply col2im.

 Be aware that the np.reshape() method doesn’t return the expected result here
(elements in wrong order). A little bit of numpy gymnastic solves the problem.

9
A
1.56 1 087 | 175 | 1.25 | 118 | 131 1.5 1.31
25 5 75 25 25
| 2
1.56 1 087 | 175 | 1.25 | 118 | 131 1.5 1.31
25 5 75 25 25
1.56 1 087 | 175 | 1.25 | 118 | 131 1.5 1.31 A
25 5 75 25 25
col2im
1.56 1 087 | 175 | 1.25 | 1.18 | 1.31 1.5 1.31 +
25 5 75 25 25 reshape
8 _ 4
1.56 1 087 | 1.75 | 125 | 118 | 1.31 1.5 1.31
25 5 75 25 25
1.56 1 087 | 1.75 | 125 | 1.18 | 1.31 1.5 1.31
25 5 75 25 25 Y
< >
1.56 1 087 | 1.75 | 125 | 118 | 1.31 1.5 1.31
25 5 75 25 25 4
1.56 1 087 | 175 | 1.25 | 118 | 131 1.5 1.31
25 5 75 25 25
\




Some suggestions

Please start early, this assignment takes time!!!

- ImZ2col usually takes the most effort, try derive the example we did above using
your hand to better understand it
- Make sure to test it correctly with small hand-derived example.



